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Abstract: This paper is devoted to the analysis of (m,n)− string in stringy Newton-
Cartan background. We start with the Hamiltonian constraint for (m,n)−string in general
background and perform limiting procedure on metric and NSNS and Ramond-Ramond
two form background that leads to stringy Newton-Cartan gravity. We also analyze con-
ditions that these background fields have to obey in order to define consistent world-sheet
(m,n)−theory. We also discuss D1-brane with dynamical electric field in stringy Newton-
Cartan gravity.
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1. Introduction
Recently new interesting generalization of Newton-Cartan (NC) gravity [1] was proposed in
[2]. In standard NC gravity there is one-dimensional foliation direction of space-time cor-
responding to the absolute time direction that is longitudinal to the world-line of particle.
The stringy NC gravity is generalization of this picture in the sense that one dimensional
foliation is replaced by a two-dimensional foliation with one time-like and spatial foliation
directions that are longitudinal to the world-sheet of the string. Further, stringy NC grav-
ity is related to non-relativistic strings [3, 4] in the same way as general relativity is related
to relativistic string theory as was recently discussed in [5] 1. This paper also analyzed
T-duality properties of non-relativistic strings in stringy Newton-Cartan background that
are very interesting when it was shown that T-duality along the longitudinal direction of
the stringy Newton-Cartan geometry describes relativistic string theory on a Lorentzian
geometry with a compact lightlike isometry, which is otherwise only defined by a subtle
infinite boost limit. This fact was further confirmed in [9] when T-duality properties of
non-relativistic string in stringy NC background was analyzed with the help of canonical
formulation of this string sigma model found in [10].
Since the proposal suggested in [5] is very interesting we mean that it is natural to
study further aspects of stringy NC. In particular, we would like to see whether it is possible
to define another extended objects known in string theory, as for example D-branes [11]
in this background. It is natural to begin with D1-brane which is two dimensional object
with gauge field propagating on its world-sheet. This action couples to Ramond-Ramond
1For alternative definition of non-relativistic strings with AdS/CFT applications, see [6, 7]. The Hamil-
tonian analysis of this model was performed in [8].
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(RR) two form and one form together to gravity, NSNS two form and dilation that are
background fields of type IIB supergravity. Such an action can be written in manifestly
SL(2, Z) invariant form [12, 13] that reflects SL(2, Z) duality of type IIB theory. We
consider Hamiltonian for this object and analyze non-relativistic limit of the background
metric as was proposed in [14] and that was used for the definition of non-relativistic
string in stringy NC background in [15]. In case of D1-brane as a probe the situation is
more interesting since there is an electric flux on the world-sheet of D1-brane. We firstly
consider D1-brane with fixed gauge invariance when the momentum conjugate to Aσ is
equal to some integer number m that counts the number of fundamental strings in the
bound state with D1-brane. We call resulting object as (m,n)−string [12, 13]. If we start
with such a probe we should define background RR and NSNS two form fields in such a
way that the limiting procedure [14] leads to finite Hamiltonian constraint. It turns out
that this procedure is similar to the case of fundamental string [15]. However due to the
non-trivial structure of the background fields that define stringy Newton-Cartan geometry
we have to check that they solve the background equations of motion of type IIB gravity.
More explicitly, we consider type IIB gravity equations of motion and study their solutions
for the metric ansatz proposed in [14] together with another fields that appear in (m,n)−
string action.. Inserting the ansatz [14] into definition of the relativistic Christoffel symbols
we derive condition when this connection is finite even if the parameter that defines non-
relativistic limit goes to infinity. We restrict ourselves to the case of zero torsion condition
[16] even if certainly more general situations are possible, see for example [17]. Now since
the Christoffel symbols is finite we also find that Ricci tensor is finite and hence in order to
have well defined non-relativistic limit in the background equations of motion we have to
demand that the stress energy tensor for the background fields is finite as well. It turns out
that this condition has important consequence on the dilaton and RR zero form which now
have to be constant. Then the equation of motion for dilaton RR and zero form implies
that field strengths of RR and NSNS two form fields have to vanish. We also discuss more
interesting case of the fundamental string when now dilaton does not have to be constant.
In this case however we find that requirement that Christoffel symbols for Einstein frame
metric is finite implies that spatial projection of derivative of dilaton should be zero.
In the second part of the paper we focus on the problem of the definition of the action
for n coincident D1-branes in the stringy NC background when the gauge symmetry on the
world-sheet is unfixed. Then in order to have finite and non-trivial theory we have to scale
RR two form and zero form field in appropriate way as well. As a result we obtain finite
Hamiltonian constraint for D1-brane in stringy NC background. Then following standard
procedure we find corresponding Lagrangian density. Finally we also discuss the equations
of motion for the background fields and we find that they have to obey the same conditions
as in case of the stringy NC gravity.
This paper is organized as follows. In the next section (2) we introduce an action and
Hamiltonian for n coincident D1-branes in general background. Then in section (3) we
consider gauge fixed theory that corresponds to (m,n)− string and find its non-relativistic
action in NC background. In section (4) we analyze equations of motion for background
fields. In section (5) we study D1-brane in stringy Newton-Cartan background when the
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gauge symmetry is not fixed and we find corresponding Lagrangian density. Finally in
conclusion (6) we outline our results and suggest possible extension of this work.
2. Hamiltonian Formulation of D1-brane in General Background
In this section we review basic facts about D1-brane in general background and its Hamil-
tonian formulation. As the starting point we consider an action for n coincident D1-branes
in general background
S = −nTD1
∫
dτdσe−Φ
√
− detA+
+nTD1
∫
dτdσ((bτσ + 2πα
′Fτσ)χ+ cτσ) ,
Aαβ = Gµν∂αx
µ∂βx
ν + 2πα′Fαβ +Bµν∂αxµ∂βxν ,
Fαβ = ∂αAβ − ∂βAα ,
(2.1)
where xµ, ν = 0, 1, . . . , 9 are embedding coordinates of D1-brane in the background that
is specified by the metric Gµν and NSNS two form Bµν = −Bνµ together with Ramond-
Ramond two form C
(2)
µν = −C(2)νµ . There are also two background scalar fields, dilaton Φ
and RR zero form χ. Further, σα = (τ, σ) are world-sheet coordinates and bτσ, cτσ are
pull-backs of Bµν and C
(2)
µν to the world-sheet of D1-brane. Explicitly,
bαβ = Bµν∂αx
µ∂βx
ν , cαβ = C
(2)
µν ∂αx
µ∂βx
ν . (2.2)
Finally TD1 =
1
2piα′ is D1-brane tension and Aα, α = τ, σ is two dimensional gauge field
that propagates on the world-sheet of D1-brane.
It is useful to rewrite the action (2.1) into the form
S = −nTD1
∫
dτdσe−Φ
√
− det g − (2πα′Fτσ + bτσ)2
+ nTD1
∫
dτdσ((bτσ + 2πα
′Fτσ)χ+ cτσ) ,
(2.3)
where gαβ = Gµν∂αx
µ∂βx
ν ,det g = gττgσσ − (gτσ)2. Now we proceed to the Hamiltonian
formulation of the theory defined by the action (2.3). First of all we derive conjugate
momenta to xµ and Aα from (2.3)
pµ =
δL
δ∂τxµ
= nTD1
e−Φ√
− det g − (2πα′Fτσ + bτσ)2
(Gµν∂αx
νgατ det g +
+(2πα′Fτσ + bτσ)Bµν∂σx
ν) + nTD1(χBµν∂σx
ν + C(2)µν ∂σx
ν) ,
πσ =
δL
δ∂τAσ
=
ne−Φ(2πα′Fτσ + bτσ)√
− det g − (2πα′Fτσ + bτσ)2
+ nχ , πτ =
δL
δ∂τAτ
≈ 0
(2.4)
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and hence
Πµ ≡ pµ − TD1πσBµν∂σxν − nTD1C(2)µν ∂σxν =
= nTD1
e−Φ√
− det g − (2πα′Fτσ + bτσ)2
Gµν∂αx
νgατ det g .
(2.5)
Using these relations it is easy to see that the bare Hamiltonian is equal to
HB =
∫
dσ(pµ∂τx
µ + πσ∂τAσ − L) =
∫
dσπσ∂σAτ
(2.6)
while we have three primary constraints
πτ ≈ 0 , Hσ ≡ pµ∂σxµ ≈ 0 ,
Hτ ≡ ΠµGµνΠν + T 2D1
(
n2e−2Φ + (πσ − nχ)2
)
gσσ ≈ 0 . (2.7)
Including these primary constraints to the definition of the Hamiltonian we obtain an
extended Hamiltonian in the form
H =
∫
dσ(N τHτ +NσHσ −Aτ∂σπσ + vτπτ ) , (2.8)
where N τ , Nσ, vτ are Lagrange multipliers corresponding to the primary constraints Hτ ≈
0 ,Hσ ≈ 0 , πτ ≈ 0. Now we have to check the stability of all constraints. The requirement
of the preservation of the primary constraint πτ ≈ 0 implies the secondary constraint
G = ∂σπσ ≈ 0 . (2.9)
Now we are ready to proceed to the analysis of (m,n)−string in stringy NC background.
3. (m,n)−String in Stringy NC Background
(m,n)− string is defined as D1-brane where the gauge symmetry is fixed so that the electric
flux πσ is constant and counts the number of fundamental strings. Explicitly, we fix the
gauge generated by G with the gauge fixing function Aσ = const. Then the fixing of the
gauge implies that πσ = f(τ) but the equation of motion for πσ implies that ∂τπ
σ = 0 and
hence πσ = m, where m is integer that counts the number of fundamental strings bound
to n D1-branes.
In order to define stringy NC background we follow [14] and introduce 10− dimensional
vierbein E Aµ so that the metric components have the form
Gµν = E
A
µ E
B
ν ηAB , ηAB = diag(−1, . . . , 1) . (3.1)
Note that the metric inverse Gµν is defined with the help of the inverse vierbein EµB that
obeys the relation
E Aµ E
µ
B = δ
A
B , E
A
µ E
ν
A = δ
µ
ν . (3.2)
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As the next step we split target-space indices A into A = (a′, a) where now a′ = 0, 1 and
a = 2, . . . , d− 1. Then we introduce longitudinal vielbein τ aµ so that we write
τµν = τ
a
µ τ
b
ν ηab , a, b = 0, 1 . (3.3)
In the same way we introduce vierbein e a
′
µ , a = 2, . . . , d− 1 and also introduce gauge field
m aµ . The τ
a
µ can be interpreted as the gauge fields of the longitudinal translations while
e a
′
µ as the gauge fields of the transverse translations [2]. Then we can also introduce their
inverses with respect to their longitudinal and transverse translations
e a
′
µ e
µ
b′ = δ
a′
b′ , e
a′
µ e
ν
a′ = δ
ν
µ − τ aµ τνa , τµaτ bµ = δba , τµae a
′
µ = 0 , τ
a
µ e
µ
a′ = 0 .
(3.4)
With the help of these fields we introduce following parametrization of relativistic vierbein
[14]
E aµ = ωτ
a
µ +
1
2ω
m aµ , E
a′
µ = e
a′
µ , (3.5)
where ω is free parameter that we take to infinity when we define non-relativistic limit.
Note that the inverse vierbein to (3.5) has the form (up to terms of order ω−3)
Eµa =
1
ω
τµa −
1
2ω3
τ
µ
bm
b
ρ τ
ρ
a , E
µ
a′ = e
µ
a′ −
1
2ω2
τµam
a
ρ e
ρ
a′ . (3.6)
Then with the help of (3.5) and (3.6) we obtain following form of the metric
Gµν = ω
2τµν + hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab +
1
4ω2
m aµ m
b
ν ηab ,
Gµν =
1
ω2
τµν + hµν − 1
2ω2
(τνbm
b
ρ h
ρµ + τµbm
b
ρ h
ρν)−
− 1
2ω4
(τµcm
c
ρτ
ρν + τνdm
d
ρτ
ρµ) +
1
4ω4
τµam
a
ρ h
ρστνbm
b
σ .
(3.7)
As the next step we have to introduce an appropriate parametrization of RR and NSNS
two forms. Following analysis presented [18] we suggest that they have the form
Bµν = X(ωτ
a
µ −
1
2ω
m aµ )(ωτ
b
ν −
1
2ω
m bν )ǫab + bµν =
= X(ω2τ aµ τ
b
ν ǫab −
1
2
(m aµ τ
b
ν + τ
a
µ m
b
ν )ǫab +
1
4ω2
m aµ m
b
µ ǫab) + bµν ,
Cµν = Y(ωτ
a
µ −
1
2ω
m aµ )(ωτ
b
ν −
1
2ω
m bν )ǫab + bµν =
= Y(ω2τ aµ τ
b
ν ǫab −
1
2
(m aµ τ
b
ν + τ
a
µ m
b
ν )ǫab +
1
4ω2
m aµ m
b
µ ǫab) + cµν ,
(3.8)
where
ǫab = −ǫba , ǫ01 = 1 , (3.9)
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and where X,Y are factors that can depend on space-time fields and m,n that we choose
in such a way to make Hamiltonian constraint finite in the limit ω → ∞. In fact it turns
out that this requirement implies
mX+ nY =
√
n2e−2Φ + (m− nχ)2 . (3.10)
Then using (3.8) and also (3.10) we can now perform the limit ω →∞ in the Hamiltonian
constraint and we find that it is equal to
Hτ = ΠµhµνΠν − 2TD1
√
n2e−2Φ + (m− nχ)2Πµτˆµaηabǫbcτ cρ ∂σxρ +
+T 2D1(n
2e−2Φ + (m− nχ)2)∂σxµh¯µν∂σxν −
−T 2D1(n2e−2Φ + (m− nχ)2)∂σxντ cν ǫcdΦdaǫabτ fν ∂σxν ,
(3.11)
where we introduced following fields
τˆµa = τ
µ
a − hµνm bν ηba , eˆ a
′
µ = e
a′
µ +m
a
ν e
ν
c′δ
c′a′τ bµ ηba ,
Φab = −τµdηdam bµ −m aµ τµdηdb +m aµ hµνm bν ,
h¯µν = hµν +m
a
µ τ
b
ν ηab + τ
a
µ m
b
ν ηab ,
(3.12)
and where
Πµ = pµ − TD1mbµρ∂σxρ − TD1ncµρ∂σxρ . (3.13)
Finally using the fact that
−∂σxµτ aµ ǫabΦbcǫcdτ dν ∂σxν = τ cσ ηcaΦabηbdτ dσ − aσσΦabηba ,
τ aα = τ
a
µ ∂αx
µ , aαβ = ∂αx
µτµν∂βx
ν
(3.14)
we can rewrite the Hamiltonian constraint into the form
Hτ = ΠµhµνΠν − 2TD1
√
n2e−2Φ + (m− nχ)2Πµτˆµaηabǫbcτ cρ ∂σxρ +
+T 2D1(n
2e−2Φ + (m− nχ)2)∂σxµh¯µν∂σxν +
+T 2D1(n
2e−2Φ + (m− nχ)2)
(
τ cσ ηcaΦ
abηbdτ
d
σ − aσσΦabηba
)
.
(3.15)
This is the Hamiltonian constraint for (m,n)− string in stringy NC background.
Let us now proceed to the Lagrangian form of this theory. Note that the Hamiltonian
is equal to
H =
∫
dσ(N τHτ +NσHσ) , (3.16)
where Hτ is given in (3.15). From (3.16) we obtain
x˙µ = {xµ,H} = 2N τhµνΠν − 2N τTD1
√
n2e−2Φ + (m− nχ)2τˆµaηabǫbcτ cρ ∂σxρ +Nσ∂σxµ ,
(3.17)
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where x˙µ ≡ ∂τxµ , x′µ ≡ ∂σxµ. To proceed further we use the fact that
eˆ a
′
µ τ
µ
b = 0 , eˆ
a′
µ h
µν = eνb′δ
b′a′ (3.18)
and hence
(x˙µ −Nσx′µ)eˆ a′µ δa′b′ eˆ b
′
ν (x˙
ν −Nσx′ν) = 4(N τ )2ΠµhµνΠν .
(3.19)
Then the Lagrangian density has the form
L = x˙µpµ −H = (x˙µ −Nσx′µ)pµ −NHτ =
=
1
4N τ
(x˙µ −Nσx′µ)eˆ a′µ δa′b′ eˆ b
′
ν (x˙
ν −Nσx′ν)−
−T 2D1N τ (n2e−2Φ + (m− nχ)2)∂σxµh¯µν∂σxν −
−N τT 2D1(n2e−2Φ + (m− nχ)2)
(
τ cσ ηcaΦ
abηbdτ
d
σ − aσσΦabηba
)
+TD1(mx˙
µbµνx
′ν + nx˙µcµνx
′ν) .
(3.20)
To proceed further we use the fact that
eˆ a
′
µ δa′b′ eˆ
b′
ν = h¯µν + τ
c
µ ηcaΦ
abηbdτ
d
ν , h¯µν = hµν +m
a
µ τ
b
ν ηab +m
a
ν τ
b
µ ηab . (3.21)
Further, the special property of non-relativistic string and (m,n)−string is that N τ , Nσ
are determined by the equations of motion for xµ. To see this, we multiply the equation
of motion for xµ by τµν and we obtain
τµν(x˙
ν −Nσx′ν) = −2N τTD1
√
n2e−2Φ + (m− nχ)2τµν τˆνaηabǫbcτ cρ ∂σxρ . (3.22)
If we multiply this equation with ∂σx
µ we get
Nσ =
aτσ
aσσ
. (3.23)
In the similar way we obtain
(∂τx
µ −Nσ∂σxµ)τµν(∂τxν −Nσ∂σxν) = −4(N τ )2T 2D1(n2e−2Φ + (m− nχ)2)aσσ
(3.24)
that can be solved for N τ as
N τ =
1
2aσσ
√
n2e−2Φ + (m− nχ)2
√
− deta . (3.25)
Inserting (3.23) and (3.25) into (3.20) we obtain Lagrangian density in the form
L = −1
2
√
n2e−2Φ + (m− nχ)2
√
− detaaαβh¯αβ +
+TD1(mx˙
µbµνx
′ν + nx˙µcµνx
′ν) ,
(3.26)
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where we used the result found in [15] that two terms proportional to Φab cancel each other
as
aαβτ aα ηabΦ
bcηcdτ
d
β −Φabηba = 0 . (3.27)
The Lagrangian density (3.26) is the final form of the Lagrangian density for (m,n)−string
in stringy NC background. However in order to be our approach self-consistent we have to
check the equations of motion for the background fields that were used in the construction
of the Lagrangian density (3.26).
4. Background Equation of Motion
In order to derive form of the non-relativistic (m,n)−string we presumed special form of
the background fields. Our goal is to check the consistency of the equations of motion for
the background fields when the limiting procedure is performed.
We start with Christoffel symbols of parent relativistic theory
Γρµν =
1
2
Gρσ(∂µGσν + ∂νGσµ − ∂σGµν) . (4.1)
Now recall that the metric components that define stringy NC background have the form
Gµν = ω
2τµν + hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab +
1
4ω2
m aµ m
b
ν ηab ,
Gµν =
1
ω2
τµν + hµν − 1
2ω2
(τνbm
b
ρ h
ρµ + τµbm
b
ρ h
ρν)−
− 1
2ω4
(τµcm
c
ρτ
ρν + τνdm
d
ρτ
ρµ) +
1
4ω4
τµam
a
ρ h
ρστνbm
b
σ .
(4.2)
Inserting (4.2) into (4.1) we obtain in the limit ω →∞
Γρµν =
ω2
2
hµσ(∂µτσν + ∂ντµσ − ∂στµν) +
+
1
2
hµσ(∂µhˆσν + ∂ν hˆσµ − ∂σhˆµν) + 1
2
τρσ(∂µτσν + ∂ντσµ − ∂στµν)−
−1
4
(τρbmωh
ωσ + τσbm
b
ω h
ωρ)(∂µτσν + ∂ντσµ − ∂στµν) ,
(4.3)
where
hˆµν = hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab . (4.4)
Let us now focus on the divergent term that can be rewritten into the form
hρσ(∂µτσν + ∂ντµσ − ∂στµν) =
= hρσ [(∂µτ
a
σ − ∂στ aµ )ηabτ bν + τ aµ (∂ντ bσ − ∂στ bν )ηab] .
(4.5)
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We see that this term vanishes when we impose zero torsion condition
∂µτ
a
ν − ∂ντ aµ = 0 . (4.6)
In what follows we will presume this condition. Then after some calculation we find that
(4.3) simplifies considerably and has the form
Γρµν =
1
2
τρa(∂µτ
a
ν + ∂ντ
a
µ ) +
1
2
hµσ(∂µhσν + ∂νhσµ − ∂σhµν) +
+
1
4
hρσ((∂µm
a
σ − ∂σm aµ )ηabτ bν + (∂νm aσ − ∂σm aν )ηabτ bµ ) .
(4.7)
As a check we can easily find that τ aµ and h
µν are covariantly constant
∇µτ aν = 0 , ∇µhνρ = 0 . (4.8)
Now we are ready to proceed to the analysis of type IIB supergravity equations of motion.
We start with the type IIB string effective action in the form
S =
1
2κ˜210
∫
d10x
√
−GE
(
R(GE)−
∂µτG
µν
E ∂ν τ¯
2(Imτ)2
− 1
2
|G3|2
Imτ
)
, (4.9)
where
τ = χ+ ie−Φ ≡ τR + iτI , G(3) = dC(2) − χH − ie−ΦH = dC2 − τH , H ≡ dB , (4.10)
and where the action is written in the Einstein frame where the metric components are
related to the string components metric as
GEµν = e
−Φ/2Gµν . (4.11)
Finally note that we use the convention
|G(3)|2 = 1
3!
G(3)µνρG
µµ1
E G
νν1
E G
ρρ1G(3)∗µ1ν1ρ1 . (4.12)
The variation of the action with respect to GµνE gives following equations of motion for
metric
Rµν(GE)− 1
2
GEµνR(GE) = Tµν , (4.13)
where Tµν is stress energy tensor whose exact definition will be given below. Now taking
the trace of the equation (4.13) with GµνE we obtain
R(GE) = −4T , T ≡ GµνE Tµν . (4.14)
Inserting this result into (4.13) we find an alternative form of the equation of motion
Rµν(GE) = Tµν − 1
8
GEµνT (4.15)
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that is suitable for non-relativistic limit. Before we proceed to this point we should analyze
one subtle point which is the relation between Einstein frame and string frame connection
that generally has the form
Γρµν(GE) = Γ
ρ
µν(G)−
1
4
(δρν∂µΦ+ δ
ρ
µ∂νΦ−Gρσ∂σΦ .Gµν) (4.16)
The subtle point is that for the metric (4.2) we find that Γρµν(GE) generally diverges in the
limit ω →∞
Γρµν(GE) = Γ
ρ
µν(G)−
1
4
(δρν∂µΦ+ δ
ρ
µ∂νΦ) +
+
1
4
(τρσ − 1
2
τ
ρ
bm
b
ω h
ρσ − 1
2
τσbm
b
ω h
ωρ)∂σΦτµν +
+
1
4
hρσ∂σΦ(hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab) + ω
2 1
4
hρσ∂σΦτµν .
(4.17)
We see that there is a divergent contribution proportional to hρσ∂σΦ. Then in order to
have finite Christoffel symbols in Einstein frame as well we impose following condition on
the dilaton
hµν∂νΦ = 0 . (4.18)
We will discuss this restriction in more details below 2.
Let us now return to the equation of motion (4.15). Since its left side is finite the right
side has to be finite too in the limit ω →∞. This fact implies additional conditions on the
background fields. To see this let us focus on the matter part of the action that depends
on Gµνρ that has following stress energy tensor defined as
TG3µν = −
1√−GE
δSG(3)
δG
µν
E
= − 1
24
GEµνG
(3)
ρσωG
ρρ1Gσσ1Gωω1G(3)∗ρ1σ1ω1 +
1
4
G(3)µσωG
σσ1
E G
ωω1
E G
(3)∗
νσ1ω1 .
(4.19)
We see that necessary condition to have finite stress energy tensor we have to demand
that G
(3)
µνρ has to be finite in the limit ω → ∞. Let us analyze this requirement in more
details and start for simplicity of notation with the field strength of Bµν . Inserting (3.8)
into definition of Hµνρ we obtain
Hρµν = ∂ρBµν + ∂µBνρ + ∂νBρµ =
= ω2X[(∂ρτ
a
µ − ∂µτ aρ )τ bν ǫab + (∂ντ aρ − ∂ρτ aν )τ bµ ǫab + (∂µτ aν − ∂ντ aµ )ǫabτ bρ ]−
−1
2
X[(∂µm
a
ν − ∂νm aµ )τ bρ ǫab + (∂νm aρ − ∂ρm aν )τ bµ ǫab + (∂ρm aµ − ∂µm aρ )τ bν ǫab +
+(∂µτ
a
ν − ∂ντ aµ )ǫabm bρ ǫab + (∂ρτ aµ − ∂µτ aρ )m bν ǫab + (∂ντ aρ − ∂ρτ aν )m bµ ǫab]
+∂ρXBµν + ∂µXBνρ + ∂νXBρµ + hρµν , h = db .
(4.20)
2There is an interesting question whether it is necessary to demand that the Christoffel symbols in string
frame should be finite or whether it is not sufficient to demand that they should be finite in Einstein frame
only. This requirement would imply relation between derivatives of τ aµ and ∂µΦ. We leave this question
for further study.
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First of all we see that the first divergent contribution proportional to ω2 vanishes when
we impose zero torsion condition. On the other hand there is still divergent contribution
coming from the terms on the last line that are proportional to derivative of X. Since Bµν
does not vanish and it is proportional to ω2 we see that in order to ensure finiteness of
Hρµν we have to presume that Φ and χ are constant and hence ∂ρX = 0. Note that this is
stronger condition than (4.18). Then however the equations of motion for τ implies that
G(3) has to be zero. Note that the condition G(3) = 0 also solves the equation of motion
for G3. Further, the stress energy tensor for complex scalar τ vanishes for constant τ . As
a result we find that the equations of motion for stringy NC gravity has simple form
Rµν(GE) = 0 . (4.21)
Thanks to the fact that Φ is constant this equation also implies
Rµν(G) = 0 , (4.22)
where Rµν depends on Christoffel symbols given in (4.7).
4.1 Special Case n = 0,m = 1
There is an important special case when n = 0,m = 1 that corresponds to the situation
when the probe that defines stringy Newton-Cartan gravity is fundamental string. This
case is special since we have X = 1. For simplicity we further presume that the background
RR fields are zero. In this case the field strength for Bµν has the form
Hρµν = ∂ρBµν + ∂µBνρ + ∂νBρµ = hµνρ −
−1
2
[(∂µm
a
ν − ∂νm aµ )τ bρ ǫab + (∂νm aρ − ∂ρm aν )τ bµ ǫab + (∂ρm aµ − ∂µm aρ )τ bν ] ,
(4.23)
where we imposed zero torsion condition ∂µτ
a
ν −∂ντ aµ = 0. Let us again study the equation
of motion for the background fields. Note that the relativistic theory is governed by the
action
S =
1
2κ˜210
∫
d10x
√
−GE [R− 1
2
∂µΦG
µν
E ∂νΦ−
1
12
e−ΦHµνρG
µµ1
E G
νν1
E G
ρρ1
E Hµ1ν1ρ1 ] , (4.24)
GEµν = e
−Φ/2Gµν . (4.25)
Let us start with the equation of motion for Φ
1√−GE
∂µ[
√
−GEGµνE ∂νΦ] + +
1
12
e−ΦHµνρG
µµ1
E G
νν1
E G
ρρ1Hµ1ν1ρ1 = 0 (4.26)
and find its non-relativistic limit. First of all we have
detGEµν = e
−5Φ detGµν = −e−5Φ(detE Aµ )2 . (4.27)
Since E aµ = ωτ
a
µ +
1
2ωm
a
µ , E
a′
µ = e
a′
µ we find
detE Aµ = ω det(τ
a
µ , e
a′
µ ) +
1
2ω
det(m aµ , e
a′
µ ) . (4.28)
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Then the equation of motion for Φ reduces into following form in the limit ω →∞
1
det(τ aµ , e
a′
µ )
∂µ[e
−2Φ det(τ aµ , e
a′
µ )h
µν∂νΦ] +
1
12
e3ΦHµνρh
µµ1hνν1hρρ1Hµ1ν1ρ1 = 0 , (4.29)
where Hµνρ is given in (4.23). Further, the equation of motion for Hµνρ takes the form
∂µ[
√
− detGEe−ΦGµµ1E Gνν1E Gρρ1E Hµ1ν1ρ1 ] = 0 (4.30)
that in the non-relativistic limit reduces into
∂µ[e
−2Φ det(τ aµ , e
a′
µ )h
µµ1hνν1hρρ1Hµ1ν1ρ1 ] = 0 , (4.31)
where Hµνρ is again given in (4.23). Let us now discuss consequence of the condition (4.18).
Imposing this condition in (4.29) we obtain following condition on Hµνρ
hµµ1hνν1hρρ1Hµ1ν1ρ1 = 0 . (4.32)
Note that in this case the equation of motion (4.31) is satisfied as well. Note that in
adapted coordinates when e a
′
µ = e
a′
i , i = 2, . . . , 9 and hence h
µν has non-zero components
hij we find that the condition above implies
Hijk = 0 . (4.33)
Let us finally discuss the equation of motion for GEµν
Rµν(GE) = Tµν − 1
8
GEµνT . (4.34)
As we argued above the left side of this equation is finite in the limit ω →∞. Then on the
right side we should have finite contribution as well. In case of the scalar field we obtain
T scalµν = −
1√− detGE
δSscal
δG
µν
E
= −1
4
GEµνG
ρσ
E ∂ρΦ∂σΦ+
1
2
∂µΦ∂νΦ (4.35)
and hence
T scalµν −
1
8
T scalGEµν =
1
2
∂µΦ∂νΦ .
(4.36)
On the other hand in case of Bµν we obtain
TBµν = −
1
24
GEµνHρσωG
ρρ1
E G
σσ1
E G
ωω1
E Hρ1σ1ω1 +
1
4
HµσωG
σσ1
E G
ωω1
E Hνσ1ω1
(4.37)
so that
TB = GµνE T
B
µν = −
1
6
H2 (4.38)
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which implies
TBµν −
1
8
GEµνT
B = − 1
48
GEµνH
2 +
1
4
HµρσG
ρρ1
E G
σσ1
E Hνσ1ω1 . (4.39)
Note that this expression is finite as well when we impose the condition (4.32) however we
will not find the explicit result since it is rather complicated. As a result we obtain final
form of the equation of motion of stringy Newton-Cartan gravity
Rµν(GE) =
1
2
∂µΦ∂νΦ+ (T
B
µν −
1
8
GEµνT
B)finite , (4.40)
where Φ has to obey the condition (4.18) that in adapted coordinates τ aµ = δ
a
µ , e
a′
µ =
e a
′
i , i = 2, . . . , 9 implies ∂iΦ = 0 and hence Φ = Φ(t). However we should stress one
important point which is the fact that the equation of motion for Φ does not determine its
time evolution. The same is true in case of NSNS two form Bµν too. Of course, in both
cases we can replace conditions (4.18) and (4.32) stronger conditions ∂µΦ = 0 ,Hµνρ = 0.
We leave more general analysis of stringy NC equations of motion for future project.
5. D1-Brane with Unfixed Gauge Symmetry in NC Background
In this section we consider situation when we have n coincident D1-branes and take the
non-relativistic limit on metric and NSNS two form field that defines stringy NC gravity.
We again start with the Hamiltonian given in (2.6) and (2.7) where the metric is given in
(3.7) and where NSNS two form field has the form
Bµν = (ω
2τ aµ τ
b
ν ǫab −
1
2
(m aµ τ
b
ν + τ
a
µ m
b
ν )ǫab +
1
4ω2
m aµ m
b
µ ǫab) + bµν .
(5.1)
With such a choice of the NSNS field we find that divergent contribution in the Hamiltonian
constraint that are proportional to τµν cancel for any π
σ. However there are now several
possibilities how to take scaling limit of RR fields. For example, if we demand that C
(2)
µν
has similar form as Bµν , i.e. C
(2)
µν = Bµν+cµν the requirement that Hamiltonian constraint
should be finite in the limit ω →∞ implies following condition
2πσn = −2πσnχ , e−2Φ + χ2 = 1 . (5.2)
The first equation implies χ = −1 that together with the second one gives e−2Φ = 0.
However this is the realm of the infinite coupled string theory which is clearly rather subtle
limit. For that reason we consider another scaling limit when
n =
1
ω
n˜ , χ =
1
ω
χ˜ , C(2)µν = ωC˜µν . (5.3)
Now the Hamiltonian constraint is finite and has the form
Hτ = ΠµhµνΠν − 2TD1πσΠµτˆµaηabǫbcτ cσ − T 2D1(πσ)2τ aσ ǫabΦbcǫcdτ dσ +
+T 2D1(π
σ)2∂σx
µh¯µν∂σx
ν + T 2D1e
−2Φn˜2∂σx
µτµν∂σx
ν ,
(5.4)
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where
Πµ = pµ − TD1(πσbµρ + n˜C˜µρ)∂σxρ ,
h¯µν = hµν +m
a
µ τ
b
ν ηab + τ
a
µ m
b
ν ηab .
(5.5)
Note that πσ is still dynamical field which is a crucial difference when we compare with
the analysis presented in section ( 3).
As the next step we determine corresponding Lagrangian. From the Hamiltonian
H =
∫
dσ(N τHτ +NσHσ + ∂σAτπσ) (5.6)
we obtain
∂τx
µ = {xµ,H} = 2N τhµνΠν − 2N τTD1πσ τˆµaηabǫbcτ cσ +Nσ∂σxµ ,
∂τAσ = {Aσ,H} = ∂σAτ − 2N τTD1bµρ∂σxρhµνΠν − 2N τTD1Πµτˆµaηabǫbcτ cσ +
+2N τT 2D1bµρ∂σx
ρπσ τˆµaη
abǫbcτ
c
σ − 2N τT 2D1πστ aσ ǫabΦbcǫcdτ dσ +
+2N τT 2D1π
σ∂σx
µh¯µν∂σx
ν .
(5.7)
Then the Lagrangian density has the form
L = N τΠµhµνΠν + TD1n˜XµC˜µν∂σxν − 2N τπσTD1Πµτˆµaηabǫbcτ cσ +
+N τT 2D1(π
σ)2τ aσ ǫabΦ
bcǫcdτ
d
σ −N τT 2D1(πσ)2∂σxµh¯µν∂σxν − e−2ΦT 2D1N τ n˜2aσσ .
(5.8)
To proceed further we use the fact that
eˆ a
′
µ τ
µ
b = 0 (5.9)
and we again obtain
Xµeˆ a
′
µ δa′b′ eˆ
b′
ν X
ν = 4(N τ )2Πµh
µνΠν . (5.10)
As the next step we express τˆµaΠµ with the help of the equation of motion for Aσ as
Fτσ + TD1X
µbµν∂σx
ν + TD1
√− deta
aσσ
τ aσ ǫabΦ
bcǫcdτ
d
σ − TD1
√− deta
aσσ
∂σx
µh¯µν∂σx
ν =
= −2N τTD1Πµτˆµaηabǫbcτ cσ ,
(5.11)
where we also used the fact equation of motion for xµ implies
Nσ =
aτσ
aσσ
, πσN τ =
√− deta
2aσσTD1
(5.12)
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and hence we expressed πσ with the help of the second equation in (5.12). Collecting all
these terms together and after some calculations we obtain Lagrangian density in the form
L = deta
4N τaσσ
(
aαβh¯αβ + a
αβτ aα ηabΦ
bcηcdτ
d
β − Φabηba −
2√− det a(Fτσ + TD1bτσ)
)
−
−e−2ΦN τT 2D1n˜2aσσ + TD1n˜C˜τσ .
(5.13)
Finally solving equation of motion for N τ and inserting the result into (5.13) we obtain
final form of the Lagrangian density for D1-brane in stringy NC background
L = −n˜e−ΦTD1
√
− deta
√
aαβh¯αβ − 1√− detaǫ
αβ(Fαβ + TD1bαβ) + TD1n˜C˜τσ . (5.14)
This is the Lagrangian density for n˜− D1-branes in stringy NC background.
Analysis of the consistency of the background fields is the same as in section (4) since
we consider stringy NC background. On the other hand since RR two form C(2) scales as
ω we should demand that its field strength vanishes in order to have finite stress energy
tensor. Then clearly the equations of motion for C(2) are obeyed as well.
6. Conclusion
Let us outline results derived in this paper and suggest possible extension of this work.
The main goal of this paper was to analyze properties of D1-brane theory in the limit that
defines stringy NC background from relativistic theory [14]. We firstly considered D1-brane
theory with fixed gauge invariance that defines (m,n)− string and we found Lagrangian
density for (m,n)−string in stringy NC background. Then we studied conditions that the
background fields have to obey in order to define consistent theory. We also found that the
(m,n)−string in stringy NC background is manifestly SL(2, Z) invariant as a consequence
of SL(2, Z) invariance of the parent type IIB theory.
We further analyzed the problem of general D1-brane in stringy NC background. We
showed that in order to have non-trivial D1-brane theory we should scale the number of
D1-branes and RR two form in an appropriate way. We find corresponding Hamiltonian
for D1-brane with dynamical gauge field and corresponding Lagrangian density that is
manifestly gauge invariant. We mean that this is nice result that brings new insight into
the definition of the action for D1-branes in stringy NC gravity.
This work can be extended in several directions. For example, it would be nice to
analyze limit when the string coupling goes to infinity in more details. Further, we would
like to analyze T-duality along world-volume direction of D1-brane in NC theory. With
analogy with standard relativistic string theory we should expect that resulting object is
D0-brane in T-dual theory. It would be nice to analyze similar situation in stringy NC
theory in more details. It would be also very nice to better understand to non-relativistic
limit of the equations of motion of type IIB gravity. In particular, it is not clear whether
it is necessary to impose condition that Christoffel symbols should be finite in string frame
– 15 –
or whether it is sufficient to demand that they are finite in Einstein frame only. It would
be also very nice to find relation between limit studied in this paper and recent interesting
results derived in [21, 22] We hope to return to this problem in future.
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